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A NOTE ON DEGENERATE POLY-BERNOULLI NUMBERS 
AND POLYNOMIALS 

DAE SAN KIM AND TAEKYUN KIM 


Abstract. In this paper, we consider the degenerate poly-Bernoulli polyno¬ 
mials and present new and explicit formulas for computing them in terms of 
the degenerate Bernoulli polynomials and Stirling numbers of the second kind. 


1. Introduction 

For A G C, L. Carlitz considered the degenerate Bernoulli polynomials given by 
the generating function 

f ^ fn _ 

(1.1) -^-(1 + Ai)^ = I A)—, (see 

When X = 0, /3n (A) = /3„ (0 | A) are called the degenerate Bernoulli numbers. 
Thus, by (11.11) . we get 

(1-2) Pn{x\X)=p^(^fjl3aX){x\\)^_,, 

where {x \ X)^ = a; (a; — A) (a; — 2A) ■ ■ ■ {x — X{n— 1)). 

The classical polylograithm function Li^, is 

(1.3) Uk{x) = J2^^ (fceZ), (see [IM3[i3). 

1 R 
n=l 

From (HD, we note that 

j.n 

(1.4) ^ lim/3„ (a: I A) — 

A^o nl 

n—O 

= lim-;-(1 + Xt)'^ 

(1 + At)^ - 1 


-in 

= —> 

where (a:) are called the Bernoulli polynomials (see EHIl). 
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Thus, by (lL4)l . we get 


(1.5) 


lim Pn (x I A) = Bn (x), (n > 0). 
A-s-O 


In 0,11^, the poly-Bernoulli polynomials are given by 


( 1 . 6 ) 


Life (1 - e *) 
e‘ - 1 ‘ 


= (x) 


n —0 


(1.7) 


For fc = 1, we have 

Lii (1 - e“*) 


e* - 1 




e‘ — 1 


fit 


n—O 


By (11.41) and (11.71) . we get Bn'^ (x) = Bn (x). 

The Stirling numbers of the second kind are given by 


(1.8) a:" = ^ S '2 (n,/) (x),, (see . 

1=0 

and the Stirling numbers of the first kind are defined by 

n 

(1.9) {^)n = X {x — 1) ■ • ■ {x — n + 1) = S'! (n, 1) x\ (n > 0 ) . 

The purpose of this paper is to construct the degenerate poly-Bernoulli polyno¬ 
mials and present new and explicit formulas for computing them in terms of the 
degenerate Bernoulli polynomials and Stirling numbers of the second kind. 

2. Degenerate poly-Bernoulli numbers and polynomials 

For A G C, /c G Z, we consider the degenerate poly-Bernoulli polynomials given 
by the generating function 


(2.1) 




(1 -I- At) ^ — 1 n=Q 

When a; = 0, (A) = ,5^^^ (0 | A) are called the degenerate poly-Bernoulli 

numbers. Note that Pn'' (a; | A) = Pn (a; | A) and limA->.o Pn'' (a: | A) = Bn'' (x). 
From (|2.1I) . we can derive the following equation: 


( 2 . 2 ) 




n —0 


Life (1 - e *) 

^(1 + At)^-1, 

' CXD 


(1 +AO' 






00 / n 


n —0 \ l —0 


=E(E(';)d‘’(A)(UA)„_,)f;. 


Thus, by (|2.2p . we get 
(2.3) 
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Now, we observe that 

(2.4) Lifc(l-^e *) 

(1 + At)^ -1 

±n 

n—0 

(i + t)^ i n i fy i n y 

~ (I + At)^ - Jo f-^Jo eV-lJo '"ey-lJo ey-1 

(fc—2)tim.es 

From (12.41) . we have 


(2.5) 


^ /Si^) (ai I A) - 

n—0 

(i + y /•* y 
(1 + At)^ -iJo ey -I 
{i + ty ^Bi <■* 


■E 


(1 + At)^ - 1 

V(l + At)^ -1 

n\ Bi 


ll _ 

(1 + At)^ 


dy 

y^'dy 


Si 


Bi 

l + lllj 


= E E 

n—O K. l—O 


iji + i 


Pn-I (a: I A) ^ , 


n\ 


where Bn = Bn (0) are Bernoulli numbers. 

By comparing the coefficients on both sides of (j2.5p . we obtain the following 
theorem. 


Theorem 2.1. For n > 0, we have 

Pn'’ (a; I -^) = E (j) I 

= Pn{x\X)- ^Pn -1 (a: I A) + ^ (a^ I ^) ■ 

Moreover, 

(a:|A)=X:J)/3f^ (A) (a^|A)„_,. 

By (|2.4p . we easily get 

j.n 

( 2 . 6 ) 

n\ 

n—O 

= Lifed-y*) 

(1 +At)^ - 1 
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We observe that 


(2.7) 


(1 + At)^ -1 


1 A 1 


(1 + 0- 


Life (1 - e-‘) 


n—1 


^ cso ^ oo 


= 7E 


t —' n"' 

n—1 




i-ty 


l—n 

\n-\-l 


1 ^ / 1 \ ^ t~f~ t I 


t ^—' n'" 

1=1 n=l 


u 


^ ^ nfe ; +1 Z! ■ 


Z=0 n=l 


From (12.6p and (12.7p . we have 


4.IL 

( 2 . 8 ) 


n=0 
oo 


= (i:4Mxia)5)(e(e‘^‘’ 


,^2(z + i,p)\ y 


\rn—0 


^l—O \p—l 


p’^ i + i 


s~^ ) ('^\ {p'- ^ 2(1 + i,p)\ g I I 

= L(2..(,j (2.- Jk -FTl— 


\p=l 


By comparing the coefficients on both sides of 
theorem. 


we obtain the following 


Theorem 2.2. For n > 0, we have 




1=0 

It is easy to show that 


tp=i 


(2.9) (1 + At)^ - (1 + At)^ 

(1 + At)^ -1 (1 + At)^ -1 

= (1 + At) ^ Life (1 — e *) 


P\ / °° 


= E I 71 E 


(l-e-T 


a=o 


= E(-ia),7 E 


(l-e-‘)' 


\m—l 

A\ / °° n 


a=o 


I ^^0 i'm + 1)* 


OO / p—1 


= E(^i^)i7[ E E 

\/=0 / \p—l \m—0 


(- 1 ) 


m+p+1 


fp 


=0 (w + 1) / P- 
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OQ C n p—1 

= E EE 


(- 1 ) 


( 2 . 10 ) 


n=l ip=lm=0 + 1) 

On the other hand, 

Life (1 - e-*) 


^ (m + l)!5'2(p,m + l) ( ))) (x I A), 


I r 

-p I U' 


(1 + Al)"-Lhlzf^(l + Ai)* 


(1 + At)^ -1 

r 


(1 + At)^ -1 

= (a; + l|A)-/3W (^|A)}^. 

n—0 

Therefore, by (I2.9|) and (12.101) . we obtain the following theorem. 
Theorem 2.3. For n > 1, we have 

/3W (x + 1 I A)-^« {x\X) 

n /p-1 / .xm+fe+l 

= E E ; ^.^fe +1)'^2 {k + m + i) 

p=l Vm =0 (to+ 1 ) 

Now, we note that 

( 2 . 11 ) 



(2^ I A)„_„ 


(1 + At)^ -1 
Life (1 - e~*) 

(1 + At)"^ — 1 a=0 
^Life(l —e 1 •y-i 


E (1 


dt 


^ (1 + At)^ -1 

"E (e + 

/^o \p-l 
d—l oo 

xEE/3' 


(1 + At)' 


p'‘ ^ Z +1 J l\ 

I + X 


a=0 m—0 
d—l / oo / ^ ^+1 

= E E EE 

a=0 \n—0 \l—0p—l 
oo ^ d—l n Z+1 

= E EEE 

n=0 I, a—0 l—O p—1 


5 


ny(-l) 


p+i+i 


ny(-l) 


pl^ 

p+i+1 


-p\ 


. 5*2 (Z + l,p) f I F X 


p. 


-p\- 


l + l 

S2 {l + l,p) 

Z + 1 


l^n—l 


Pn-l 


V 'Z 

I + a; 




'n—Z —1 



1—Z —1 


where d is a fixed positive integer. 

On the other hand, 

(2.12) Li,(l-e-) 


(1 + At)- 


(1 + At)^ -1 

^ ±n 


n—Q 


Therefore, by (12.111) and (I2.12L we obtain the following theorem. 
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Theorem 2.4. For n > 0, c? G N and fc G Z, we have 

I A) 


d —1 n Z+1 

= EEE 

a=0 Z=0 p—1 


_1)P+Z+1 


pH. 


- p \- 


l + l 


Pn-l 


-l-l 


From (12.41) . we can derive the following equation: 

j.n 

E (x + y\\) — 


(2.13) 


n —0 


Life (1 - e-*) 

(1 + At)^ - 1 
f Life (1 - e-‘) 


, (1 + At) ^ - 1 


(1 + At)^ 

(1 + tA)^ ) (1 +At)^ 


\ / 


= E^i E 

\/-0 ^'/ \ m -0 

00 / n / \ A 

= E (^E I A) (2/ I A)„_; 

Therefore, by (12.1311 . we obtain the following theorem. 


t™ 

1 t" 


n! 


Theorem 2.5. For n > 0, 


have 


/ 3 W (a: + y I A) = ^ {x | A) (y | A)„_;. 


Remark. 


I A) 

ax 

= |:t(:)tfA(A)(GA), 

Z=0 ^ 

n y \ 1 — 1 .. 1—1 

= E 

Z =0 ^ ^ 2=0 

n / \ 1—11—1 

= EH (--■'>)■ 

Z —0 j =0 2=0 
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